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For a digraph D, let 67 (D) denote its minimum outdegree. A collection of digraphs on a given vertex set
are said to be vertex-disjoint (or disjoint, in short) if no two of them share a common vertex.

J. C. Bermond and C. Thomassen conjectured [ibid. 5, 1-43 (1981; Zbl 0458.05035)] that for any k > 1,
any digraph D with 67 (D) > 2k — 1 has at least k disjoint cycles. For the class of tournaments, J. Bang-
Jensen et al. [ibid. 75, No. 3, 284-302 (2014; Zbl 1292.05119)] proved that the conjecture is true, and
there are at least k disjoint 3-cycles in tournaments T with 67 (T") > 2k — 1. Furthermore, they proved
that for every e > 0, if k is large enough, then there are at least k disjoint cycles in any tournament 7'
with 67(T) > (2 + €)k, where the constant 3 is best possible.

Similarly, one can ask about the existence of g-cycles in tournaments, for any fixed ¢ > 3. N. Lichiardopol
[Discrete Math. 310, No. 19, 2567-2570 (2010; Zbl 1227.05157)] conjectured that for every ¢ > 3 and k > 1,
any tournament 7' with §%(T') > (¢—1)k—1 contains k disjoint g-cycles, and this was subsequently proved
by the work of Y. Wang et al. [Acta Math. Appl. Sin., Engl. Ser. 38, No. 2, 271-281 (2022; Zbl 1486.05121)],
F. Ma et al. [Electron. J. Comb. 27, No. 2, Research Paper P2.52, 20 p. (2020; Zbl 1441.05093)], and S.
Zhu [Shandong University (Master’s Thesis) (2019)].

In this paper, the authors prove an analogue of the asymptotic result of Bang-Jensen et al. [loc. cit.],
extending the theorem from the case ¢ = 3 to all ¢ > 4, which also answers affirmatively a question raised
in [Ma et al., loc. cit.]. Precisely, they prove that for each ¢ > 4, for every € > 0, if k is large enough, then
there are at least k disjoint g-cycles in any tournament 7" with 6% (T) > (4 + €)k, where the constant,
is best possible.

Since these asymptotic results do not consider the case when the minimum degree of the tournament is
gk/2, the authors also raise the following question: for given integers k > 1 and ¢ > 3, does any (regular)
tournament T for which 6% (T) > gk/2 have at least k disjoint cycles of length ¢?
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